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Our action is given by
S= 1671TG / (R — 2N + RPI(D)Rq)V—gd4X

where [ = \/% /—gghro,, F(O Z f,0".

We use Friedmann-Lemaftre-Robertson- Walker (FLRW) metric

ds? = —dt? + a%(t) (12 + r?d6? + r?sin® 0d¢?), k € {~1,0,1}.

1— kr2
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Equation of motion are

1 1
= Egﬂ,,Rp}'(D)Rq +RuwW — K, W + EQW = —(Gu +N\guv),

(%) n—1

Q=) > (guVORVORI
n=1 |=0

-2v,0'RPV, 0" /RY + g, O0'RPORY),
Ko = V.V, — g0,
W = pRP-IF(O)RY + qRIIF(O)RP.
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|
In case of FRW metric there are two linearly independent equations.
The most convenient choice is trace and 00 equations:

— 2RPF()RY + RW + 30W + %Q = R — 4A,

1 1
ERP}-(D)R" + RooW — Koo W + EQoo = N\ — Goo,
Q= g,
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6(3+ (D)7 + %) =R

Change of variable b(t) = a%(t) implies

3b— Rob = —6k.

Depending on the sign of the scalar curvature Ry we obtain the
following solutions for b(t)

Ro >0 b(t) —R+Je\r +7e” /%

Ro=0 (t)——k2t+at+r
Ry <0 b(t):m—l—acos\/_TROt—i—Tsm\/_T&’t
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|
HREYIHp+q—2) = Ry — 4A,

_1,1
fOR(éH_q 1(ERO + (P + q)Roo) = N\ — Ggp.
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HREYIHp+q—2) = Ry — 4A,

_1,1
f()Rg+q 1(ERO + (P + q)Roo) = N\ — Ggp.

The system has a solution iff

REY971(Ro + 4Roo)(Ro + (2A — Ro)(p + g)) = 0.

note that Ry is expressed in terms of b(t) as

Roop = 35 __ 3((h)>—2bb)

a 4p2 :
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In the first case, condition Ry + 4Ry = O yields restrictions on values
of parameters o and 7:

Ry>0  9k? = R3oT,
Ro=0  o?+4kr =0,
Ry <0  36k* = R3(c*+712).
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Case 1: Ry <O

Cosmological
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I and b(t) simplifies to

Let k = 41 b(t) is transformed into

b(t) = Zsin? 1(y/~ Bt — ),

which is nonpositive, and there is no solutions.
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Let k = 0 then functions a(t) are b(t) constant and we get
Minkowski spacetime.
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Let k = 0 then functions a(t) are b(t) constant and we get
Minkowski spacetime.
Let k = £1, then b(t) takes the form

[
b(t) = —k(t — &)

Therefore, if k = 1 there is no solutions, and if Kk = —1 we have
a(t)=1|t+ %|
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o—T= R%sinh . Then

12
b(t)zﬁoc osh? = ( t—|-<p)

(t)—\/écoh =( R0t+ ©).
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o—T= R%sinh . Then

12
b(t)zﬁoc sh2—( t+<p)

(t)—\/jcoh =( R0t+<p)

In the last possibility k = —1, b(t) takes the form

b(t) = L25|nh21(\/FOt+ )
a(t) = \/>| sinh = (\/Fot—i—
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If p+ g > 1 then the only solution is Ry = 0.
If p+ g = 0 there is no solutions.

If p+q 0,1 then Ry = 2A+d).
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Let us consider the case k = 0, a(t) = e*t.
1

We introduce the conformal time d7 = a(t)dt, and then a(7) = — .

ds® = a°(n)(— dn® + dx® + dy? + d2?)
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Perturbations

We take the scalar perturbations of the metric in the form
gyu = 8uv + hp,V

B —2¢ —(vB)T
hu, = 3(77)2 ( ~VB —2¢ld +2Hess E )

m ¢, ¥, B and E depend on 7, x, y, z.

m gauge transformation can make any two of those functions
vanish.

m gauge invariant variables (Bardeen potentials)
®=¢—L(B+E)— (B +E"), =1+ (B+E),

Perturbation of the scalar curvature takes the form

R=R+6R,
SR = =R, " +(V,V, — g, 0)h",
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N Perturbations of the equations of motion up to linear order take form
—m?5GH + (R* — KM)v(O)SR = 0,

where m? = 2 + 2f,(G'H + H'G) i
v(O) = —2(G"H + H"G)fo + 2G'H' F(O).

Trace of the pervious equation is
[m? + (R + 30)v(0)]6R = U(O)SR = 0.
To solve the trace equation we use Weierstrass factorization theorem
UD)SR = [[(@ - w?)eP6rR =0,

where w? are the roots of the equation U(w?) = 0 and () is entire
function. Moreover, we assume that there is no multiple roots.



Perturbations

Cosmological
perturbations in
nonlocal gravity

e B Roots w? are obtained as solutions of the eigenvalue problem
(O-w?)dR=0.

Eigenfunctions that correspond to eigenvalue w? are denoted JR;.
General solution for JR is the sum over all values of w? ie.
OR=73,0R:.

Eigenfunctions take the form
5R,‘ = ( kT)3/2 (Cl, ( kT) + C2: ( kT))a

where J, Y are Bessel functions of the first and second kind

2
9 wi

resectively and v; = \/ 7 — 7.
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Bardeen potentials are derived from the following equations

—m?(® — V) + v(O)5R = 0,
SR+ (R+30)(¢ — W) =0.

Then Bardeen potentials take the form
® + W = n(c(cos(n) + nsin(n)) + c2(—ncos(n) +sin(n))) ,

1
O — V= — Z v(w?)R;,

where n = %
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Asymptotic behavior of the Bessel function implies that Bardeen
potentials are bounded if

3
x —.
1/<2

R — 4N+ foRPTI(2 — p—q) = 0.

This polynomial equation can be explicitly solved for R if
—3 < p+ g < 4. Necessary condition for the solution to be stable is

1+RPTHp+q)(2—p—q)fy <O.

Note that if p+ g = 0 or p + g = 2 there is no stable solutions.
When p + g = 1 the stable solution might exist if A < 0 and f; < 0.
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Pervious two conditions are reformulated
l1-s+u=0, 1+ uz <0,

where s = %,z = p+ q,u = {HR?~}(2 — z). This system is very
simple, but does not have clear physical interpretation.
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