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The Dirac equation

Introduction

@ The Dirac equation
i'Dyp —mp =0
it results from the gauge invariant action
i— 4 i, —\ 4 =
5= [asv=z{ 51D - (B0 - miv)
@ The correct covariant derivative

i
Da = 8a+ ESbcwzh

where 9, = /9, with e/ the tetrad fields and S = §[v¢,~"]

@ The spin-connection

C MV (3CTA 5
Wap = €4€p (e)\F;LV el/,,u)
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The Dirac equation

Definition of the Cartesian gauge

@ The explicit form

, 1 ;
(i€l Op —m) ¢ (V—geg)y'v — Z{W“ch}wi;ﬂb =0

I . 0
2 /—g "

@ The tetrad fields ¢%(x) = ejdx" (i.e. the 1-forms) defining the Cartesian
gauge are

1
el = msin@cosgbdqurcos@cosd)dﬂfr sin 6 sin ¢ d¢
r

& = ﬁsin&simﬁdr—i—r cosfsin pdf + r sinf cos ¢ do
r

&= Lcos@alr— r sin 6 df
h(r)
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The Dirac equation

Separation of variables

@ Particle-like energy eigenspinors of positive frequency and energy E (I. I.
Cotaescu, Mod. Phys. Lett. A 22, 2493, 2007)

1/’(16) = wE,j,m,n(ta r, 07 ¢)
—iEt
= A |FE (D@ (0, 0) + Fg. ()05, (0, 9)

F}E,{(r) - radial wave functions.
@ (0, ¢) - usual four-component angular spinors.

@ The antiparticle-like energy eigenspinors can be obtained directly using the
charge conjugation as in the flat case:

Vejmn = (GEjmn)’ = C(ejmn)> C=ivy

C. Sporea, A. Borowiec Hawking radiation by Schwarzschild-de Sitter black holes: fermionic fields 9o MPM, Belgrade 5 /20



SdS black holes

The Dirac equation

@ The Schwarzschild-de Sitter line element

, - x
ds? = h(r)df — 2 _ 2(ae? + sin? 0 do?)
h(r) ,
" XM A,

@ The radial Dirac equation for the upper component F*(r) reads:

dFt |, (1-X\h L4 kv/h K*h 0
6 S— —_— —_— =
dx* 1+Mh)  dx \ (1+X\h)r)] (14 Mh)?r?
dr h |
==, A=m/e
where: kdx W/ / ”
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SdS black holes

The Dirac equation

@ For r — r, and r — r, the function h(r) — 0 and we obtain a more simple
equation

d*Ft
dx?

+EFt=0
having general solutions of the form
FT(x) =Ae ™ + Be'™
@ Near the two horizons the new variable x behaves as:

=l
(% -2r) mh=pinn, ifromn
X b

—1
(271;4 - %rc) Inh=gqlnh, ifr—r
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SdS black holes

Solutions near horizons

@ After imposing the ingoing boundary condition at the black hole horizon the
solution in this (transition) region becomes:

F+ 7Atrefiex NAtrefieplnh
b = ~

@ At the cosmological horizon we have no restrictions, thus the solution will be
a combination of ingoing and outgoing modes:

FL+ — Ame—tex _|_Aoutetex

%Ainefieqlnh +Aouteieqlnh
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SdS black holes

Solution between the horizons
@ In this intermediate region r, < r < r. the radial equation reduces to:

d*F*
dx?

d kvVh B K*h 0
dx \ (1+MWh)r ) (14 MAh)>2 P2 B

for which (after some calculations) we find the following solution:
Ff = (A + B, C(r)) F}f,,,

where
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SdS black holes @

and also
'C() /(1\/;10)2’“ 14+ 471 (1+ A) 2dh |
r)= T T 7= ans Ax A3
1+ vho 1-41)\h  n)2M—-2A/37

U ke 1k )
I_/(\/}70)3dr_zr_ZM{r\/h»o(rz—&-SMr—.%OM)

+ 15M%(r — 2M) In(2r\/ho + 2r — 2M)]
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SdS black holes

Solutions of Dirac equation in SdS

@ Near the black hole

‘F-‘r 7Atrefiex NAtrefieplnh\
p = ~

@ in the intermediate region

Ff = (42 + By C(") Ff,,

@ near the cosmological horizon

FCJr :Ainefiex +Aouteiex

%Aine—ieqlnh +Aouteieqlnh
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SdS black holes

Solution matching

@ At low energies our solutions behave as

Ff ~AT(L—igplnh )

FF ~A"(1 —iegInh + ...) + A%(1 + ieqInh + ..)|

” lim F1+ = Op,c (AZ + Bbm B2 In h) ‘

r—>r1,1p

B A
F=rp,c

b — (L= (144 P
P\ 1+ vVho 1—47)2M —2A/37

r:rbyc
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SdS black holes

Solution matching

@ Matching of the solutions

Ff ~AT(L—igplnh )

Ff ~ ap(As+ By ByInh) |

@ The result (1)

' 1 iep |
Ay = —A" By = ——L ar
T ? apBp
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SdS black holes

Solution matching

@ Matching of the solutions

‘FIJ'_ ~ p (A2 + ﬁb Bz In h)‘

FF A1 —ieqInh+ ...) + A™(1 +ieginh+ ...)

@ The result (2)

an = (4, Pep, vt =% (4,4 Pep,
| 2 2 ieq |

ieq
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Greybody Factors

Final result

&

@ The final result for the greybody factors (C.A. Sporea, A. Borowiec, [JMPD
25 (2016) 1650043)

2

A()ul
1 —|—
‘ Alﬂ

(pﬁc q6b>
pBet+aby
@ Comparing numerically the greybody factors (or equivalently the absorption

cross section) in the massless limit for the lowest angular quantum numbers

(j = 1/2 for fermions, respectively s = 0 for scalars) we obtain that their
ratio is approximatively.

abs
g,
Tiz1 = 1
Ty o~ 12

@ In the case of a Schwarzschild black hole the same ratio is equal with 1/8
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Greybody Factors

Numerical examples

&

8z | ool | o025 [Sjeloos. | owors | 0ol |
T 1.14 2.95 6.11 9.42 12.85
Ty || 138:107% | 9.07-1075 | 3.84-10~* | 9.03-10~* | 1.67-1073
T || e KT N |t T B 1) f o

Table: The greybody factors for the first three modes (all the numerical values of T'j(¢) have
been multiplied by a factor of 10%).

@ For each mode the value of I'; becomes higher as we increase the value of
the cosmological constant A.

@ The contribution of the lowest mode j = 1/2 to the emission spectra is the
dominant one.

@ These results are consistent with numerical calculations performed by S. F.
Wu et al., Phys. Rev. D 78 (1998) 084010.
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Hawking Radiation

Result: energy emission rate
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Figure: The fermion differential energy emission rate for different values of Ar,%. For the left
panel we have set r, = 1, respectively r, = 5 for the right panel. Obs: This spectra should be
trusted for quantitative results only in the low energy regime.

@ The spectrum is enhanced with the increasing value of the cosmological
constant;

@ The energy emission rate for fermions vanishes in the limit Energy — 0 (as
in the case of asymptotically flat BHs);
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Conclusions

@ Deriving for the first time an analytical formula for low energy greybody
factors for fermions emitted by a Schwarzschild-de Sitter black hole;

@ For fermions the SdS greybody factors are constant for each mode at very
low energies;

@ However, for fermions I'; have a much more complicated dependence on
and r. compared to the scalar case;

@ The contribution of the lowest mode j = 1/2 to the emission spectra is the
dominant one.

@ The ratio fermions to scalars emitted by a SdS black hole is approx. 1—12
(compared to § for a Shw. BH).
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The end @

Thank you for your attention!
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PHYSICS,

to infinity and beyond..
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